
CALCULATED ELASTIC SCATTERING CROSS SECTIONS FOR 

THE H* - H e  SYSTEMV 

bv 

Gunter G. Webery Nahida H. Gordon and R.  B. Bernstein 

Universi ty  of Wisconsin Theore t i ca l  Chemistry I n s t i t u t e  

Madison, Wisconsin 53706 

ABSTRACT 

The & i n i t i o  computations by  Michels and Harris, and 

Pyerimhoff, of t h e  ground ( '2' ) s t a t e  of HeH? provide a 

r e l i a b l e  i n t e r a c t i o n  p o t e n t i a l  V ( r )  t o  serve as a b a s i s  f o r  

p r e d i c t i o n  of proton-helium e l a s t i c  s c a t t e r i n g .  This  r e p o r t  

summarizes c a l c u l a t i o n s  of t o t a l  e l a s t i c  c r o s s  sec t ions ,  

Q(E) ,  f o r  low c o l l i s i o n  energies  (E i n  the  range 0.3 - 200 e V )  

where Q i s  s e n s i t i v e  p r imar i ly  t o  t h e  a t t r a c t i v e  p a r t  of 

V(r).  Superimposed upon the monotonic E '' dependence 

( a r i s i n g  from t h e  long-range r-4 "tail" of t h e  p o t e n t i a l )  

are a number of broad extrema i n  Q(E), c h a r a c t e r i s t i c  of a 

p o t e n t i a l  w e l l  w i t h  t h e  capac i ty  f o r  s e v e r a l  Q7) bound 

(v ib ra  t iona 1) s t a t e  s . 
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The proton-helium system fs one af t h e  few for  which a r e l i a b l e  

ab i n i t i o  i n t e r a c t i o n  p o t e n t f - a w i s  2vaFZaSPe t~ ~ e r v e  as a s t a r t i n g  

p o i n t  fc-r the c a l c u l a t i o n  of s c a t t e r i n g  c r o s s  s e c t i o n s y  The e a r l y  

- 

experimental  measurements of 3Celassiea1P1 t o t a l  c ros s  zect ions for  

H+-He e l a s t i c  s c a t t e r i n g  by Simons, Muschlitz and U:igervhave been 

thoroughly analyzed ( c l a s s i c a l l y )  by Mason and V a n d e r s l i c e q  

However, with the  prospect of improved techniques for  low energy 

ion beam s c a t t e r i n g ,  y i e l d i n g  absolute  "quaiturn" t o t a l  (and 

d i f f e r e n t i a l )  c ros s  s e c t i a n s ,  it appears worthwhile t o  c a r r y  out 

t h e  quantum c a l c u l a t i o n s  t e  z e r  2 9 2  9. guide t o  experiment. 

5 The procedure employed i s  e s s e n t i a l l y  t h a t  used p r e v i o u s l y  

f o r  t he  Li* -He system, a l t e r e d  t o  d e a l  with the  problem of 

i n t e r p o l a t i o n  of an accu ra t e  b u t  Oqpoi9twise" p o t e n t i a l  funct ion.  

For t h i s  purpose a seven-point inverse A i t k e n  i n t e r p o l a t i o n  

6 procedureVwas used 

thus the  c r o s s  s e c t i o n s ,  The t o t a l  cross  s e c t i o n  func t ion  Q ( E )  

e x h i b i t s  a nuaber of resolvable  extrema ( f o r  E < 150 eV), 

superimposed on a monotonic E dependence, 

which vielded the  JWKBL phase s h i f t s  and 

- v3 
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PROCEDURES 

Based 33 t he  bea t  coinprated ef iergieswof HeH+ ( 'Ef> 
(pr imari ly  those of P y e r i d o f f y  a tab1.e of ''best valuesf '  of 

V(r) was constructed f o r  r < 5 a . u .  ; f ~ r  K 2 5 a . u . ,  the  

t h e o r e t i c a l  long-range f u n c t i o n a l i t y  was assumed: 

V(a.u.1 = -0.6905h (a.u.  >. For the i n t e r v a l  between successive 4 

po in t s ,  desi.gnated, say, by N and "sl, a s ixth-degree 

polynomial f i t  was used: 
c, 

where the c o e f f i c i e n t s  a were determined by the  seven p o i n t s  

i d e n t i f i e d  as N-3, N - 2 ,  . . -, N, N+1, . D .  ; N f 3  (except near the 

ends of t he  range, where the  c o e f f i c i e n t s  were held cons t an t ) .  

Table I (Appendix) l i s t s  the p o i n t s  and t h e  matr ix  of the 

c o e f f i c i e n t s  a 

of t h e  r e s u l t i n g  "best" p o t e n t i a l .  

NR 

Figure 1 i s  a p l o t  of the a t t r a c t i v e  p a r t  Nn ' 

The JWKBL phase s h i f t s  were computed by methods e s s e n t i a l l y  

t h e  same a s  i n  Ref. 5 ;  t h e  r e l a t i o n s  a r e  summarized i n  the 

Appendix. J B  phases were used when cond i t ions  f o r  a p p l i c a b i l i t y  

were m e t .  

The e n t i r e  procedure was checked by performing phase s h i f t  

and cross  s e c t i o n  computations on a "simulated" 35-point 

p o t e n t i a l  (po in t s  taken from the  a n a l y t i c a l  p o t e n t i a l  V4 of 



3 

Ref. 5).  Using the  i n t e r p o l a t i o n  procedures descr ibed above, 

t he  p o t e n t i a l ,  the phase s h i f t s  and the  c r o s s  sec t ions  were 

reproduced s a t i s f a c t o r i l y  (phases f. 0.02 rad. ,  c r o s s  s e c t i o n s  f. 1%). 

Unfortunately,  fo r  the  H+ - He case,  explora tory  t e s t s  showed 

a considerable  s e n s i t i v i t y  of t h e  ca l cu la t ed  c r o s s  s e c t i o n s  t o  

smal l  changes i n  t h e  p o t e n t i a l  i n  t he  r eg ion  l e a s t  accu ra t e ly  

known ( i . e . ,  4.5 < r < 5 . 5  a . u . ) .  

RESULTS AND DISCUSSION 

The ca l cu la t ed  c ros s  sec t ions  a r e  l i s t e d  i n  Table I1 

(Appendix) and p lo t t ed  i n  Fig. 2.  The dashed l i n e  r ep resen t s  

t h e  Sch i f f  -Landau-Lif s h i t z -  approximatedvlow-velocity behavior 

f o r  an  r -4  long-range p o t e n t i a l .  The ion-atom impact spectrum V 

(‘app. 

i n  t h e  usua l  manner. Since 7 maxima appear (down t o  the  lower 

l i m i t  of the  energy range, governed by cons ide ra t ions  of 

v s .  l / v  ) i s  shown i n  F ig .  3, with the  extrema indexed 

o rb i t i ng - tunne l ing  V ) it i s  deduced V t h a t  the  HeH+ ( (x+) 
w e l l  has a capac i ty  f o r  a t  l e a s t  7 bound ( v i b r a t i o n a l )  s t a t e s .  

Both F ig .  2 and Fig.  3 show a s l i g h t  b i a s  i n  Q a t  t he  

h igh-ve loc i ty  endrof t he  range, implying t h a t  the  SLL 

approximation i n  t h i s  case  becomes u n s a t i s f a c t o r y  a t  somewhat 

smaller  v e l o c i t i e s  than f o r  the Li+ - He \d s y s t e m h  Only a 

smal l  p a r t  of t h i s  dev ia t ion  can be a t t r i b u t e d  t o  the  previously-  
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mentioned s e n s i t i v i t y  of t he  c a l c u l a t i o n s  t o  the  (unce r t a in ty  

i n  t h e )  p o t e n t i a l  near t h e  c r i t i c a l  r eg ion  near t he  r-4 t a i l .  

The ex t rema-ve loc i t ies  (v iz .  Fig. 3) a r e  q u i t e  s t a b l e  t o  

-4 
such small changes near t he  r t a i l ;  t h i s  i s  a s  expected 

s i n c e  the extrema-effect  i s  known t o  be s e n s i t i v e  p r imar i ly  

t o  the  p o t e n t i a l  near  i t s  minimumy It i s  of i n t e r e s t  t o  note  

from Fig.  2 t h a t  t h r e e  extrema (N = 1, 1.5 and 2)  appear a t  

ene rg ie s  above 15 eV and should be r e a d i l y  observable  wi th  

c u r r e n t l y  a v a i l a b l e  ion-beam s c a t t e r i n g  techniques w 
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APPENDIX 

I +  Table 1 l i s t s  the  "best"  p o t e n t i a l  fo r  HeH' ( 2 ) 

t oge the r  w i th  t h e  ma t r ix  o f  t h e  c o e f f i c i e n t s  a . Nn 

The r e l a t i o n s  used t o  ccrnpute the phase s h i f t s  and cross 

s e c t i o n s  were t h e  same a s  i n  Ref. 5, with the  following changes: 

I n  Eq. 4 t h e  i n t e g r a l  I ( z ,yo )  i s  divided i n t o  two par t s ,  

from z(=0.005)  t o  yl(=0.2) and from y1 t o  yo. 

The f i r s t  i n t e r v a l ,  from z t o  y i s  divided i n t o  t h r e e  1 

equal  i n t e r v a l s  and the  value of t he  i n t e g r a l  i n  each i n t e r v a l  

i s  obtained by Gaussian quadrature (16 p o i n t s )  u s ing  fo r  t h e  

func t ion  f (y) the r e l a t i o n :  

2 
where D = 0.6905 a .u . ?  e = 0.071446 a.u. ,  T = A /B = E* 

B = 209.69, A = kao = 6.70835 x 10 

3 
-6 

s v (cm/sec). 

The second p a r t  i s  divided i n t o  the  i n t e r v a l s  Y 1  t* Y 2  9 

y2 t o  yg , yn t o  yo where yi a r e  t h e  

potent ia l .  p o i n t s  considered as  d a t a ,  The value of t he  i n t e g r a l  

i s  obtaixed i n  each i r i t e rva l  by Gaussian quadrature  (16 p o i n t s )  

u s ing  

f ( $  = I - !!%- - P 2 2 2  
E T  
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where 

-1 - 2  -6 
aN6 3 aN2 y + * . .  N lY V(y> = %o + a 

w i t h  

Y [ Y(N), y(Nt-lg 

The J B  phase i s :  

(as descr ibed above). 

occurs when 7 J B  The switch from 

< 0.01 r ad .  YJwKBL 5 0.3 r a d .  IT? ,KBL - 7 J B I  - 

Table 2 summarizes the r e s u l t s .  Here 

Q ( a .u .>  x v (cm/sec) 4 -54 
C ( e rg  c m  ) = 4.07'319 x 10 

aPP 

5 v (cmlsec) = 1.49068 x 10 x A 

and 

-13 2 E (eW = 4,17147 x 10 x [v (cm/sec)] 

The SLL-approximation would y i e ld  a constant  value of 

4 c = 2.36 x loe4' e r g  cm . 
aPP 
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9 

r (a .u . )  

0.11495 
0.19158 
0.28737 
0.37795 
0.50000 
0.56669 
0.60000 
0.65000 
0.70000 
0.75000 
0.80000 
0.90000 
0.9448 7 
1.00000 
1.05000 
1.10000 
1.20000 
1.30000 
1.40000 
1.45500 
1.5 0000 
1.60000 
1.70000 
1.80000 
2.00000 
2.20000 
2.50000 
2.80000 
3,15000 
3.50000 
4.00000 
4.50000 
5 .00000 

Table 1 

P o t e n t i a l  and Expansi 2-n Coeff ic ien t& 

v ( r )  ( a .u .1  

13.414185 
6.651966 
3.528115 
1.947813 

.968010 
a 679897 
e 551980 
.413993 
.306146 
.221388 
.154531 
.059937 
.036751 
.000644 -. 019089 -. 034706 

0.055710 - 0665 26 
0.070914 -. 071446 -. 071150 -. 068770 -. 064820 .. .060003 
-0.0495 25 
0.039521 -. 027102 - .018 102 -. 011167 
-. 006939 
-=. 003661 
-. 002072 
-. 001105 

a 1 d 
0 

52.760074 
52.760074 
52.760074 
52.76OO74 
29 350048 

-117.62215 
650.76492 

42 3.46 75 9 
45.56453 

-318.77484 
1539.3273 

-3874.1297 
4911.3568 

-3400.1966 

- 1075 1466 

611.03428 

-16.270494 
11.440650 

6 e 2010594 

5.5422261 
3.9365220 
3.247 7 774 
3.7668820 
2.4706521 
2.1333858 
1.5208351 
1.0100012 

54276842 
,071974721 

-. 12056087 
-. 12056087 
9.12056087 

-648.13326 
-648.13326 
-648 13326 
-648 ., 13326 
-255.39145 
1669.2700 

-6816.9393 
9979.0557 

-3480.9968 
-333.7657 
2478.8701 

-10864.835 
25433.326 

-29747.697 
18993.438 
-3158.1138 

-26.092787 
83.244958 

-43.669106 
-18.330646 
-11.826415 

-11.064265 
-9.1836821 

-6.6700414 
-5.6166454 
-3.8675196 
-2.5471649 
-1.4655851 
-. 49346068 -. 14063156 
.. .14063156 -. 14063156 

a2 

3837.6207 
3837.6207 
3837.6207 
3837.6207 
1201.5407 

-9095.4574 
29582.884 

-38269.741 
11956.810 

1073.6402 
-7942.4949 
31854.530 

-69261.700 
74817 e 799 

-44066.48 1 
6789.8621 

50.454943 

71.008525 
25.737774 
14.776572 
1G.557843 
13.390122 

-170.57446 

7.20336 16 
5.8385579 
3.7696875 
2.3579697 
1.3225787 

,49290305 
.22562954 
.22562954 
.22562954 

V S i n c e  t h i s  t a b l e  i s  intended only fo r  i l l u s t r a t i v e  purposes, 
the  c o e f f i c i e n t s  have been truncated t o  8 f i g u r e s ;  however, 
1 2  f i g u r e  accuracy i s  required i n  the a c t u a l  computation i n  
order t o  reproduce the  p o t e n t i a l  po in t s  t o  t he  s i x t h  decimal 
p lace .  
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t 10 

a 3 4 a 

-12641.342 23391 448 
- 12641.342 23391.  h48 
- 12641,342 2339 1 448 
- 12641.342 23391.448 

-3538.7563 6267.5541 
25322.797 -38509.978 

-67881.323 86819.636 
77777.338 -88431.689 

-21891.215 22497 279 
-1889.9353 1893.5904 
13471.323 -12777.009 

-49625.276 43311.417 
100175.46 -81171.473 

- 100012 e 79 74944.082 
54360.230 -37607.792 
-7768.8685 4987.5 188 

-55.957361 36.197883 
181.66359 -107.08766 
-62.993887 31.950644 
-19.934158 8.9533325 
-10.097179 3.9950693 

-6.5108886 2 2828rC49 
-8 .7806293 3.30358 7 7 
-4.1503429 1 ,3608634 
-3 .2115633 .99933672 
-1.9142931 54457722 
-1.1151402 29197714 
-. 59049371 . I4356673 
-.21586597 049177841 
-. 10874548 025221598 
-. 10874548 .025221598 
- . l o 8  74548 .025221598 

a5 

-22694,028 
-22694.028 
-22694,028 
-22694.028 

-5993.8944 
30522.194 

-58697 602 
53359.387 

- 12296.166 
-1017.0085 

6429.5088 - 20076 a 164 
34942.126 

-29850.110 
13835.318 
-1703.0450 

-12.642487 
33.307584 
-8.7355492 
-2.1963776 

- .86550471 
- .43019733 
- .67443426 
- .24120234 
-. 16730636 

-. 040546601 -.. 018324942 
- .005 7429920 -. 0029086307 
-. 0029086307 
-. 0029086307 

-. 082814810 

6 a 

8976 ,6444  
8976.6444 
8976.6444 
8976.6444 
2359.0477 

-9886.4013 
16396.149 

-13353.310 
2791.4055 

-1341.4223 
386 1.0015 

-6243.6090 
4937.3557 

-2114.5160 

227.96051 

241.61280 
1.8393936 

-4.2832008 
1.0019197 

.22851083 
,079892979 
.033853067 
.058143163 
.018029097 
.011766725 
.0052673758 
,0023422402 
; 00096628608 
.00027306569 
.00013446612 
.00013446612 
.00013446612 



c 

-6 44 4 A E (ev) 10 x v(-m/'sec) Q C a , u . )  10 x C  (erg cm ) 

5 . 5  0.2804 C.81387 379.  L 2 ,  eC65 
6 . 0  0.3337 0.  E9h41 370.8 2,599 
6.5 0.3916 a -  56894 3 I l 0 8  2.236 
6.75 0,4223 1. bWhZ 235, i 2.129 
7.25 0.4872 1.6867 296.0 2,242 
7.75 0,5567 7 , "  7555 398.0 2,421 
8.25 0.6309 1.22?8 251 .7  2.496 
8.5 0.6697 P . 2 b 7 P  284.2 2.472 
8.75 0.7097 1.3043 2 7 2 , l  2.381 

2 . 2 9 2  9 .0  0.7508 1.3416 260.1 
9.5 0.8366 1,41161 239  6 2.139 
9.75 0.8812 3 .ei534 23A.  0 2.119 

10.0 0.9269 :. A907 ?31,8 2,143 
10.5 1.022 1,5652 234.0 2,282 
11.5 1.226 1,711i3 %35.J 2 . 5 2 7  
11.75 1.280 P o  7515 2 3 2 ,  L 2.522 
12.0 1.335 I <  7888 5 2 6 , 9  2,490 
12;5 1 a b48 1.8633 214, '11 2,378 
13.0 1.567 1,9379 2C1,8 2,263 
13.5 1.689 2 ,  G12G 193.3 2.203 
14.0 1.817 2.0863 189.7  2.220 
15; 0 2.086 2,2360 1 9 1 . 7  2.417 
15.5 2.227 2 3105 193.2 2.527 
16.0 2.373 2 . 3 8 5 1  192 7 2.599 
16.5 2.524 2.4596 lb5l0 9 2 . 6 2 1  
17.0 2.679 2,53&Z. 184.8 2,593 

2,455 18.0 3.003 2,6832 171,5 
19.0 3.346 2.8323 159"9 2,334 

2,312 19 ;  5 3.525 2 9068 L36,2 
20.0 3.708 209814 254,o 2,321 
21.0 4,088 3.1303 453,2 2.419 
22.0 4.486 3.2795 1540 8 2.572 
23.0 4.904 3,4286 155.7 2 .714  
24.0 5.340 3,5776 154.4 2.796 
25.0 5.793 3.7263 150,6 2.805 
26.0 6.266 3.8758 E44,8 2.752 
27.0 6.757 4.02d3 138,s  2 . 6 6 7  
28.0 7.267 4 .  '1739 132.0 2,579 
29.0 7.796 4.3230 126.7 2.510 
30.0 8.343 4.4720 1 2 2 . 7  2.475 

2.476 31.0 8.908 4,6211 i 2 0 , l  
32.0 9.492 4.770% 118>7 3.513 
35.0 11.35 5.2174 1rL3.1 2.764 
40.0 14,83 5.9627 119.1  3.157 
43.0 1 7 .  I4 6 a t 6 3 9  116,5 3.197 
45.0 1 8 . 7 7  6.7080 110,o 3.150 
50.0 23.17 7.4534 97.57 2.526 
53.0 26.04 7.9006 91.19 2.802 

60.0 33.37 8.9441 82.05 2.708 
70.0 45.42 10,435 79.35 3.004 
80.0 59.32 11 9 2 5  80.54 3.511 
90.0 75.08 13,416 80.86 3.973 

100.0 92.69 14 e 907 79.26 4.285 
110.0 1 1 2 . 2  16,397 76 .12  4.435 
130.0 156.6 19,379 67.52 4.379 
150.0 208.6 22.360 58.43 4.068 

- app 

55.0 28 04 8,1987 87.75 2.745 

~~~ 
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LEGEND FOR FIGURES 

1. 

2. Log-log p l o t  of Q vs E (eV>, v (cm/sec) and A (a .u . )  

The HeH+( 'z+ ) "best" p o t e n t i a l  func t ion .  

3.  Ion-atom impact spectrum: extrema of C vs .  l / v  . 
aPP 

Below: index N of t h e  extremum vs. l/vN . 
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